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It is well known that a high-order point interpolation method (PIM) based on the stan-
dard Galerkin formations is not conforming, and thus the solution may not always be
convergent. This paper proposes a new interesting technique called quasi-conforming
point interpolation method (QC-PIM) for solving elasticity problems, by devising a
novel scheme that smears the discontinuity. In the QC-PIM, the problem domain is ﬁrst
discretized by a set of background cells (typically triangles that can be automatically
generated), and the average displacements on the interfaces of the two neighboring cells
are assumed to be equal. We prove that when the size of background cells approaches
to zero, all the additional potential energy coming from the discontinuous displacement
ﬁeld becomes zero, which ensures the pass of the standard patch test and hence the
convergence. Numerical experiments verify that QC-PIM can produce the convergent
solutions with higher accuracy and convergent rate that is in between fully conforming
linear and quadratic models.
Keywords: Point interpolation method; quasi-conforming; Galerkin formations; patch
test; convergence.
1. Introduction
The development of meshfree methods has achieved remarkable progress in recent
years. Methods and techniques developed so far include the smooth particle hydro-
dynamic (SPH) method, the element-free Galerkin (EFG) method, the meshless
∗∗Corresponding author.
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local Petrov–Galerkin (MLPG) method, the reproducing kernel particle method
(RKPM), Kringing interpolation method, and the point interpolation method
(PIM), etc. [Liu and Liu (2003); Belytschko et al. (1994); Liu et al. (1995); Atluri
and Zhu (1998); Gu (2003); Liu (2002)]. These methods and techniques have fur-
ther extended our minds in the quest for more eﬀective and robust computational
methods.
In the meshfree methods, the interpolation and integration operations are con-
ducted essentially based on nodes, and the interpolation and integration are essen-
tially separated; while all the numerical operation in the ﬁnite element method
(FEM) are based on the elements [Liu (2002)]. Even though many meshfree methods
use background cells, but the numerical operation such as interpolation is beyond
these cells. Due to these ﬂexibilities oﬀered by meshfree methods, we can now deal
with much more complicated problems, such as the large deformations and crack
propagation problems.
Moving least squares (MLS) technique is the widely used scheme in the meshfree
methods. However, the shape functions constructed in MLS are not satisﬁed with
the Kronecker delta property, and hence proper techniques, such as penalty function
technique, are needed to impose the essential boundary conditions [Liu (2002); Liu
and Gu (2005)].
PIM [Liu et al. (2005)] is one of the meshfree methods. The shape function
of PIMs possesses the Kronecker delta function property, and allows the essential
boundary conditions to be treated in the same way as they are in conventional
ﬁnite element method (FEM). It has less computational cost and more eﬃciency
than some other meshfree methods, and thus has got many applications. In addition,
PIM does not use the bell-shaped weight function in constructing the PIM shape
function for the sake of simplifying computation. Therefore, original higher order
PIM will produce a discontinuous displacement ﬁeld when the support domain
updated its nodes, thus it is not compatible [Xu et al. (2010)].
In order to obtain a high accuracy solution using PIM, Liu and co-workers pro-
posed the smoothed point interpolation methods (S-PIM) [Liu and Zhang (2013)]
in a framework of G space theory [Liu, 2009; 2010a; 2010b]. This G space theory
provides a foundation for new foundation called weakened weak (W2) formulation
for developing a wide class of eﬃcient computational methods. S-PIM can guarantee
the convergence and stability, and has been widely used in many ﬁelds of sciences
and engineering, such as the node-based smoothed PIM (NS-PIM) that can pro-
vide upper bound solution [Liu and Zhang (2008b)], the edge-based smoothed PIM
(ES-PIM) that can give “close-to-exact” stiﬀness and ultra-accurate solution [Liu
and Zhang (2008a)], and the superconvergence PIM (SC-PIM) that can produce
superconvergence solution [Liu et al. (2009)], etc. These methods are more eﬃcient
than the ﬁnite element method using the same mesh; and have changed the low
eﬃciency impression on many other meshfree methods.
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On the other hand, Xu and Liu et al. proposed a novel conforming point inter-
polation method (CPIM) [Xu et al. (2010)] for generating higher order PIM shape
functions without using the strain smoothing techniques. A solution with very high
accuracy and convergent rate has been obtained using the CPIM. Recently, Xu pro-
posed the ES-CPIM [Xu et al. (2012)] and NS-CPIM [Xu et al. (2011)] using the
techniques combined by CPIM and smoothing technique. Using these schemes, we
got the numerical solutions of some real problems with high accuracy and conver-
gent rate.
In this paper, we extend the ideas of CPIM, and propose a novel quasi-
conforming point interpolation method (QC-PIM) without using the generalized
strain smoothing technique. We develop a technique for shape function construc-
tion and guarantee the conformability when the size of back ground approaches to
zero.
The paper is outlined as follows. Section 2 briefs the linear elasticity, and Sec. 3
gives a brieﬁng on PIM and T-Scheme. The ideas of the QC-PIM are presented
in Sec. 4. In Sec. 5, numerical examples and further investigations on QC-PIM are
presented. Conclusions are drawn in Sec. 6.
2. Basic Equations for Planar Elastic Problems [Zienkiewicz and
Taylor (2000)]
Let Ω be a planar region occupied by the elastic body, and Γ = ∂Ω is its boundary.
There are three groups of state variables: the stress σ = (σ11, σ22, σ12)T, the strain
ε = (ε11, ε22, γ12)T and the displacement u = (u1, u2)T. Then σ, ε and u satisfy the
following equations:
ε = Ldu, (1)
σ = Dε, (2)
LTd σ + b = 0 in Ω, (3)
where b = (b1, b2)T is the vector of body forces, Ld is a matrix of diﬀerential
operators deﬁned as
Ld =

 ∂∂x1 0 ∂∂x2
0 ∂∂x2
∂
∂x1


T
. (4)
For the homogeneous and isotropic materials, the elasticity constant matrix D is:
D =
E
1− v2


1 v 0
v 1 0
0 0 1−v2

 (Plane stress), (5)
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D =
E(1− v)
(1 + v)(1 − 2v)


1 v1−v 0
v
1−v 1 0
0 0 1−2v2(1−v)

 (Plane strain), (6)
where E is Young’s modulus and v is Possion’s ratio.
Suppose boundary Γ = Γu + Γt and Γu ∩ Γt = Φ. A displacement boundary
condition u = u0 is given on Γu, and a natural boundary conditions are LTn σ = t
on Γt, where Ln is the matrix of unit outward normal which can be expressed as
Ln =
[
nx1 0 nx2
0 nx2 nx1
]T
. (7)
Eliminating σ and ε from (1) to (3) yields a system equation of displacement u:
Au = −b, (8)
where operator A = LTd (DLd).
3. Briefing on the PIM and T-scheme
In the PIMs, the problem domain is ﬁrst discretized by a set of background cells as
shown in Fig. 1. Since triangular background cells can always be generated eﬃciently
and automatically, PIMs usually use triangular background cells for node selection
and numerical integration. This is called T-Schemes [Liu and Zhang (2008a)]. In
the T-schemes, a home cell refers to the cell which holds the point of interest.
x
Interested point Support points for T3-scheme
Support points for T6-scheme 
Fig. 1. Illustration of triangular background cells and the supporting nodes.
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Neighboring cells refer to the cells which share one edge with a cell. T3-scheme
is used to produce linear PIM shape function by using the linear basis function,
and T6-scheme is used to produce quadratic PIM shape function. In the T3-scheme
(see Fig. 1), the point of interest point (x) is located in a cell; only the three
vertexes of the home cell are used for shape function construction. In the T6-
scheme, the six nodes are selected to interpolate an interested point located in
a cell: three vertexes of the home cells and the other three vertices of the three
neighboring cells.
The details for T6-schemes are as follows [Liu (2002)]. Consider a displacement
component u(x) for the solid mechanics problems. It can be approximated as the
following formulation
u(x) =
n∑
i=1
= pi(x)ai = pT(x)a, (9)
where pi(x) is the monomial basis function of x = (x, y)T, ai is the corresponding
coeﬃcient, and n is the number of nodes in the local support domain. The complete
polynomial basis of order 2 can be written as
pT(x) = (1, x, y, x2, xy, y2). (10)
In the original quadric PIM, the coeﬃcients in Eq. (9) can be determined by enforc-
ing u(x) to displacements at three vertexes and the other three vertices of the three
neighboring cells:
u(bi) = a1 + a2xbi + a3ybi + a4x
2
bi + a5xbiybi + a6y
2
bi , (11)
for i = 1, 2, . . . , 6. Following the standard FEM process, we can obtain solution for
a as:
a = P−1n Us, (12)
where
(Pn)i = (1, xbi , ybi , x
2
bi , xbiybi , y
2
bi), i = 1, 2, . . . , 6, (13)
and
Us = (ub1 , ub2 , ub3 , ub4 , ub5 , ub6). (14)
Note that the linear independence of three vertexes and the other three vertices of
the three neighboring cells. Therefore, matrix Pn must be nonsingular and Eq. (12)
has a unique solution. It is clear from the above discussion that when the high-order
interpolation is used for shape functions reconstruction, the displacement along
interface edge is not continuous in between two adjacent cells. Hence, the original
high-order PIM is not conforming. If only the linear basis function pT (x) = (1, x, y)
and T3-scheme are used for shape function construction, then it is called linear
PIM. The linear PIM is conforming.
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4. Quasi-conforming PIM
In the QC-PIM, according to the Hellinger–Reissner’s two-ﬁeld variational princi-
ple [Liu and Zhang (2008b)], we construct the following energy functional for the
discretized system equations:
Π(u) = −1
2
∫
Ω
εTDεΩ−
∫
Ω
(LTd σ + b)
TudΩ
+
∫
Γu
tTu0dΓ−
∫
Γt
(ˆt− t)TudΓ, (15)
where ε = LdU is the assumed strain vector, stresses σ are dependent on the
strain ε through the stress–strain relationship σ = Dε, and t is the traction on the
boundary that is dependent on the stress σ in the form of LTn σ = t.
Using Green’s divergence theorem, the second term in the right-hand of Eq. (15)
can be further expressed as∫
Ω
(LTd σ + b)
TudΩ =
∫
Γ
(LTn σ)udΓ−
∫
Ω
σT(Ldu)dΩ +
∫
Ω
bTudΩ
=
∫
Γ
(LTn σ)udΓ−
∫
Ω
εTDεdΩ +
∫
Ω
bTudΩ. (16)
Substituting Eq. (16) into Eq. (15) gives
Π(u) =
1
2
∫
Ω
εTDεΩ−
∫
Γ
(LTn σ)udΓ−
∫
Ω
bTudΩ
+
∫
Γu
tTu0dΓ−
∫
Γt
(ˆt− t)TudΓ. (17)
After the problem domain is discretized by a set of background triangular cells
Ωi (i = 1, 2, . . . , n), Eq. (17) can be written as the discretized form:
Π(u) =
1
2
n∑
i=1
[∫
Ωi
εTi DεiΩ−
∫
Ωi
bTuidΩ+
∫
Γu
tTi u0dΓ
−
∫
Γt
(ˆti − ti)TuidΓ
]
−
n∑
i=1
∫
∂Ωi
tTi (ui − u˘i)dΓ, (18)
where ti is the tractions on the cells boundary ∂Ωi, (ui − u˘i) is the displacement
diﬀerence on ∂Ωi between a cell and his neighbor cells.
Denotes
HP =
n∑
i=1
∫
∂Ωi
tTi (ui − u˘i)dΓ =
n∑
i=1
HP,i, (19)
as the sum of additional potential energy of all the cells boundary, which is produced
by the discontinuous of displacement ﬁeld.
For a conforming methods, displacement ﬁeld satisfy ui = u˘i on all the cells
boundary ∂Ωi. Then for any traction ti we have HP = 0. Note that displacement
1650026-6
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ﬁeld in the higher order PIMs is not continuous. However, the original PIM ignores
this additional potential energy HP for the sake of simplicity, which may result in
incompatibility.
In order to solve the incompatibility, this paper proposes a quasi-conforming
PIM (QC-PIM). QC-PIM relaxes the conditions of displacement continuous between
the adjacent background cells, and just satisﬁes some generalized conforming condi-
tions HP = 0 when the size of cells approaches to zero. Here, for the quadric PIM,
we give a simple scheme to satisfy the above generalized conforming conditions.
In a similar way to Sec. 2, assume that a component of displacement ﬁeld u(x)
can be approximated as Eq. (9), and the complete quadric polynomial basis in
Eq. (10). There are six coeﬃcients in Eq. (9) can be determined. We ﬁrst enforce
u(x) to displacements at three vertexes in the home cell of x:

u(b1) = a1 + a2xb1 + a3yb1 + a4x2b1 + a5xb1yb1 + a6y
2
b1
u(b2) = a1 + a2xb2 + a3yb2 + a4x2b2 + a5xb2yb2 + a6y
2
b2
u(b3) = a1 + a2xb3 + a3yb3 + a4x2b3 + a5xb2yb3 + a6y
2
b3
. (20)
We now introduce the other three conditions for determining coeﬃcients a

∫
b1b2
(u− u˘)dΓ = 0
∫
b2b3
(u− u˘)dΓ = 0
∫
b3b1
(u− u˘)dΓ = 0
, (21)
where u˘ is the same component of the displacement obtained for a neighboring
cell, b1b2b3 are illustrated in Fig. 1. The displacement ﬁeld constructed using (20)
and (21) is not continuous. However, when the size of cells approached to zero, the
traction ti on the boundary of a cell trends to a constant, and then Eq. (19) can
be written as
HP =
n∑
i=1
∫
∂Ωi
tTi (ui − u˘i)dΓ
≈
n∑
i=1
tTi
∫
∂Ωi
(ui − u˘i)dΓ = 0. (22)
In deriving Eq. (22), we have used the conditions (21).
It is clear from [Zienkiewicz and Taylor (2000)] the system can pass the stan-
dard patch test when the addition potential energy HP = 0. However, the quartic
displacements in (20) and (21) satisfy generalized conforming conditions when the
size of cells approached to zero. This is the diﬀerence between the proposed method
and fully conforming methods, and it is the reason that the proposed method is
called the QC-PIM.
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5. Numerical Examples
In this section, a number of numerical examples will be examined using the QC-
PIM with piecewise quadratic displacement ﬁeld. To investigate quantitatively the
numerical results, the displacement error and energy norms are deﬁned as follows,
Ed =
√√√√∑ni=1 (urefi − unumi )2∑n
i=1 (u
ref
i )2
, (23)
Ee =
√
|Unum − Uref |
Uref
, (24)
where the superscript “ref ” denotes the reference or analytical solution, “num”
denotes a numerical solution obtained using a numerical method.
5.1. Standard path test
This section investigates if the QC-PIM can pass the standard path test. A rect-
angular patch of 10× 50 is considered, and the displacements are prescribed on all
outside boundaries by the following linear function{
ux = 0.6x
uy = 0.6y
. (25)
The patch is represented using nodes shown in Fig. 2 and displacement errors
obtained using QC-PIM are illustrated in Table 1. It is clear that when the size S
of the background cells approaches to zero, the displacement error is also approach
to zero. This example veriﬁes numerically that the QC-PIM can pass the standard
path test when the size of background cells approach to zero.
5.2. Cantilever 2D solid
A 2D cantilever solid with length L = 50m and height D = 10m is now studied.
The solid is subjected to a parabolic traction at the right end as shown in Fig. 3.
The cantilever beam is studied as a plane stress problem with E = 3.0 × 107 Pa,
P = −1000N and v = 0.3. Analytical solutions of this problem can be found in
[Timoshenko and Goodier (1970)].
-5
10 15 20 25 30 35 40 45 500 5
0
5
Fig. 2. Node distributions for the standard patch test.
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Table 1. Standard patch test results
obtained using the QC-PIM.
Displacement error
S = 0.1 0.6834881 × 10−1
S = 0.01 0.8312429 × 10−2
S = 0.00001 0.9322356 × 10−6
S = 0.00000001 0.1228748 × 10−8
S = 0.000000000001 0.4121239 × 10−12
L
x
y
D
P
Fig. 3. A 2D cantilever solid subjected to a parabolic traction on the right edge.
Using Eqs. (23) and (24), errors in displacement and energy norms are computed
and plotted in Figs. 4 and 5. When QC-PIM is used, the convergence rate of 2.86
in displacement norm is found, this is much higher than the original quadratic
PIM. The convergence rate in energy norm is found as high as 1.52 for QC-PIM as
shown in Fig. 5, which is much higher than that of original quadratic PIM. These
numerical results indicate that QC-PIM is of convergence with high accuracy and
high convergence rates.
-0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5
-3.50
-3.25
-3.00
-2.75
-2.50
-2.25
-2.00
-1.75
-1.50
-1.25
-1.00
lo
g 1
0(E
d)
log10(h)
 Original PIM (T6/3)
 linear FEM (1.95)
 NS-PIM (T3) 
 bilinear FEM
 ES-PIM (T3) (2.23)
 QC-PIM (T6/3) (2.86)
Fig. 4. Comparisons of displacement error, it clearly shows the high accuracy of QC-PIM.
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-0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5
-1.6
-1.5
-1.4
-1.3
-1.2
-1.1
-1.0
-0.9
-0.8
-0.7
-0.6
-0.5
lo
g 1
0(E
e)
log10(h)
 Original PIM (T6/3)
 linear FEM (0.98)
 NS-PIM (T3)
 bilinear FEM
 ES-PIM (T3) 
 QC-PIM (1.52)
Fig. 5. Comparisons of energy error, it clearly shows the high accuracy of QC-PIM.
5.3. Infinite 2D solid with a circular hole
An inﬁnite 2D solid with a central circular hole (a = 1m) and subjected to a
unidirectional tensile (Tx = 10N/m) is studied. Owing to its two-fold symmetry,
one quarter is modeled with b = 5m (as shown in Fig. 6). Symmetry conditions are
imposed on the left and bottom edges of the quarter model, and the inner boundary
of the hole is traction free. For this benchmark problem, the analytical solution can
be found in [Timoshenko and Goodier (1970)].
Using Eqs. (23) and (24), errors in displacement and energy norms are computed
and plotted against the average nodal spacing (h) as shown in Figs. 7 and 8. When
QC-PIM is used, the convergence rate of 2.75 in displacement norm is found, this is
much higher than the original quadratic PIM. The convergence rate in energy norm
is found as high as 1.41 for QC-PIM as shown in Fig. 8, which is much higher than
that of original quadratic PIM. These numerical results indicate that QC-PIM is of
convergence with high accuracy and high convergence rates.
x
y
Fig. 6. Inﬁnite 2D solid with a hole subjected to a tensile force and its quarter model.
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Fig. 7. Comparisons of displacement error, it clearly shows the high accuracy of QC-PIM.
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Fig. 8. Comparisons of energy error, it clearly shows the high accuracy of QC-PIM.
5.4. Further investigations on the QC-PIM
5.4.1. Convergence rates
By the theory of standard FEM, the convergence order of a computational scheme
is determined by the order of trial functions [Zienkiewicz and Taylor (2000)].
Quadratic QC-PIM satisﬁes generalized conforming conditions and corresponding
interpolation functions are the piecewise quadratic polynomials which indicates that
the convergence rate is higher than that in linear FEM.
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It should be noted that QC-PIM has not introduced any additional nodes com-
pared to the linear FEM; and the number of nodes in quadratic QC-PIM is obvi-
ously less than those in quadratic FEM when the same background cells are used.
Considering the irregular nodal distribution in real computation, the rough estima-
tion of the convergence rate in quadratic QC-PIM is in between linear FEM and
quadratic FEM: namely, convergence rate in displacement norm is 2 < rd < 4 and
1 < re < 2 in energy norm. The convergence of CPIM has been veriﬁed by the
numerical examples in this paper.
5.4.2. Band width of stiﬀness matrix
The band width of stiﬀness matrix is very important for the computational eﬃciency
[Xu et al. (2010)]. Here, we give an estimation of band widths of stiﬀness matrix for
diﬀerent methods. Consider a simple problem domain and corresponding triangular
background cells as shown in Fig. 9. The inﬂuence domain of a node includes usually
some closely related nodes around this interested node. These nodes in inﬂuence
domain are of very importance to band width of stiﬀness matrix. In Fig. 9, • denotes
an interested node i; • and  is the related nodes of node i for linear FEM; •,  and
are related nodes for quadric QC-PIM, ES-PIM (T3) and the original quadric PIM;
•, ,  and  are related nodes for quadratic CPIM. There are more nodes for the
other high-order S-PIM including quadric NS-PIM, ES-PIM, ES-CPIM, NS-CPIM.
Figure 9 illustrates the inﬂuence domains of a node for the diﬀerent schemes. It is
important that the band width of stiﬀness matrix in quadratic QC-PIM is exactly
the same with that in original quadric PIM, and far less that in CPIM. In addition,
considering the extra computing cost in constructing shape functions, QC-PIM will
Interested node Linear FEM related
QC-PIM, PIM (T6), ES-PIM(T3) related
i
CPIM (T6/3) related
Fig. 9. Inﬂuence domains of an interested node for diﬀerent methods.
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take a little more computation time compared to original quadric PIM, and is very
similar to that in ES-PIM (T3) with the same nodes.
Note that quadratic QC-PIM assumes a piecewise quadratic polynomials dis-
placement ﬁeld. So, under the same computational accuracy, computational cost of
QC-PIM is far less than that in CPIM; under the same computational cost, compu-
tational accuracy is better than that in ES-PIM (T3). Therefore, the performance
of QC-PIM is better than that of ES-PIM (T3) and quadric CPIM.
6. Conclusion
This paper proposes a new technique to produce a quasi-conforming point inter-
polation method (QC-PIM) for solving elasticity problems. In the QC-PIM, the
problem domain is ﬁrst discretized by a set of background cells, and the average
displacements on the boundary of a cell are assumed to be equal to that on its
neighboring cells. We prove theoretically that when the size of background cells
approach to zero, the additional potential energy coming from the boundary force
of all the background cells are zero which ensures the pass of patch test, and thus
the convergence of QC-PIM. Numerical experiments verify the QC-PIM can pass
the standard patch test, and produce the solutions with higher accuracy and high
convergent rate.
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